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Summary
This paper discusses a mathematical approach to the simulation of atrial myocardial tissue and the interaction with
external electrical fields, such as the stimulation pulse of a cardiac pacemaker. The mathematical tissue model is
based on the model of an adult human atrial cell. The integration of this model into two interconnected, threedimensional electrical networks leads to a system of differential equations that is solved in two steps. First, the differential equations of the membrane patch are solved using the Runge-Kutta integration method 4th order; in the
second step, the electrical potential of the matrix notes are approximated by the conjugate gradients method. The
conduction velocity of the excitation wave could be adjusted by the use of the gap-junction conductance, the only
free system parameter. Using this model makes it possible to generate an excitation wave by applying a pacing
pulse, and also study the behavior of the membrane channels. The excitation threshold of the model shows a chronaxie-rheobase relationship that could not be shown if a current were injected directly into an isolated cell. This
model enables us to study the interaction between myocardial tissue and alternating currents to further understand
the ablation process, and helps us to comprehend the mechanism of atrial flutter and fibrillation and the development of concepts for their termination.
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Introduction
The influence of external electrical fields on myocardial tissue is difficult to investigate in-vivo because of
the excitation mechanism followed by the contraction
of the tissue when the electrical threshold is reached.
This property of myocardial tissue is well-known and
is used in implantable devices for the electrostimulation of the heart. New approaches for the treatment of
atrial fibrillation or congestive heart failure using
implantable pacemakers are currently being investigated. To reach this goal, multi-chamber devices are being
developed to also stimulate the left side of the heart.

However, the clinical success of these approaches is
determined based on the theoretical understanding of
the interaction of multiple excitations and contraction
waves, as well as adjustments to the timing of the stimulation. There are many scientific papers describing
the different types of myocardial cells available [1-4],
but only a few articles could be found describing
myocardial tissue [5-7]. Based on this information, an
atrial tissue model was developed to investigate the
interactions between external electrical currents and
myocardial tissue at the microscopic level.
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Figure 1. Illustration of the resistor network.
Panel a) Cut in the xy-level; membrane patches separate the
extracellular space and the intracellular space.
Panel b) Cut in the tissue-cleft space-level (bordered area in
panel a). Every intracellular node is connected to the cleft
space via a membrane patch. The matrices are coupled via
transmatrix connections.

Materials and Methods
The atrial tissue model is based on an adult human atrial cell model published by Nygren et al. [8]. The model
contains six time-dependent ion channels:
•
•
•
•
•
•

INa
ICaL
It
Isus
IKr
IKs
and
• IK1
• ICaP
• INaK
• INa-Ca
• IBNa
• IBCa

sodium inward current,
calcium inward current,
transient potassium outward current,
sustained potassium outward current,
rapid potassium outward current,
slow potassium outward current;
potential-dependent potassium inward current
calcium-pump,
sodium-potassium pump,
sodium-calcium exchange current,
sodium leakage current, and
calcium leakage current.

For a complete description of the behavior inside the
cell, the membrane model is coupled with a fluid com-

partment model that includes ion-concentration
changes in the sarcoplasmic reticulum as well as the
extracellular space. The changes of the transmembrane
potential are calculated corresponding to the HodgkinHuxley formalism (dV/dt = −Imembrane/Cmembrane).
The mechanism of coupling cells to myocardial tissue
is most important in describing the properties of
myocardial tissue. The basic assumption of the developed tissue model is that for every node of the network, Kirchhoff's law is effective. The model consists
of a three-dimensional matrix of nodes. The specific
potential, e.g., the potential of the extracellular space,
the intracellular space, or the potential of the stimulating electrodes is linked to every node of the matrix.
Resistors using the extracellular medium as the conductor connect the nodes of the extracellular space.
Every intracellular node represents a Nygren cell. In
the case of the neighboring extracellular node, a membrane patch connects both nodes. A resistance network
that reflects the electrical connection via gap-junction
connects the intracellular nodes. It must be noted that
all given values of gap-junction conductivity in this
article are the mean conductivity of the intracellular
space and the cell connecting gap-junction. Because
the excitation velocity is two to three times higher
along the myocardial fiber compared to the transverse
direction, different conductivities are applied in the x,
y, and z direction [9]. Parallel to the gap-junction network, every intracellular node is connected to the cleft
space via a membrane patch. Again, the cleft space has
an electrical connection to the extracellular space. The
model is designed to have non-flux conditions at the
borders. In Figure 1, the matrix array is schematically
shown in a simplified, two-dimensional space.
The equation system is achieved in two steps. In the
first step the use of the 4th order Runge-Kutta method
with adaptive increment solves the differential equations of the membrane patches. The received potentials
of the nodes compose a linear system of equations that
is approximated by the conjugate gradient method
[10]. In the presented model the method is continued
until the error is less 10-20.
Results
The implementation of the cell model into the threedimensional tissue model leads to new free parameters
such as conductivity of the gap-junction, the conductivity of the cleft space, and the extracellular space.
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These parameters have a strong influence on the
behavior of the tissue. All parameters used in the system, except for gap-junction conductivity, are based on
experimental data found in the literature [7,11,12].

a

b
Figure 2. Conduction velocity (panel a) and maximum depolarization gradient (panel b) are dependent of the gap-junction conductivity for different conductivities of the cleft
space.

Figure 3. Morphology of the simulated action potentials; the
continuous line shows the direct stimulated action potential,
the dashed line shows the action potential generated by the
excitation wave.

Conduction Velocity
For determining the conduction velocity dependency on
the gap-junction conductivity, a system containing
12288 nodes has been generated. The embedded tissue
consists of 5084 extracellular and 988 intracellular
nodes, 640 cleft connections and 640 membrane patches to the extracellular space, as well as 1024 membrane
patches to the cleft space. An electrode is placed inside
the base of the tissue. By increasing the membrane
potential of the point to 0 mV an excitation wave is generated that uniformly spreads out into the z-direction of
the tissue. Two measurement electrodes located in the
longitudinal direction of the tissue detect the excitation
wave. The conduction velocity and maximum depolarization gradient can be analyzed based on the timing
information and the morphology of the membrane
potential. Because of the use of such a large system,
disturbing border effects could be eliminated.
In Figure 2a, for different conductivities of the cleft
space the behavior of the conduction velocity is shown;
it is dependent on the gap-junction conductivity. For all
variations shown, the curve of the conduction velocity
is the expected root-dependency; it varies between 23
cm/s at a gap-junction conductivity of 0.01 S/m, up to
133 cm/s at a gap-junction conductivity of 0.1 S/m. The
influence of the cleft space conductivity to the conduction velocity is only significant for a very small value of
0.1 S/m. This behavior is due to a disproportionate conductivity between the gap-junction and the cleft space.
Figure 2b shows the corresponding maximum depolarization gradient. For cleft space conductivities larger
than 0.3 S/m it reaches a value of about 110 V/s at a
gap-junction conductivity of 0.02 S/m. The increase of
the gap-junction conductivity will result in a slightly
decrease of the maximum dipolarization gradient to 90
V/s. This decrease is due to the maceration of the excitation wave at higher conductivities.
Stimulation with DC-Pulses
For analysis of the stimulation mechanism with pacemaker-like DC-pulses, an 11 × 24 × 2 mm3 tissue piece
integrated into a 15 × 30 × 13 mm3 system was used.
The gap-junction conductivity was adjusted in order to
achieve a conduction velocity of 70 cm/s and a corre-
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Figure 4. Threshold behavior of the tissue model.
Panel a) Electrical threshold at different pulse durations.
Panel b) Charge transferred over the electrode at an effective stimulation.

Figure 5. Threshold behavior of an isolated cell. Current
that is applied directly into the cell by a micropipette
(panel a) and transferred charge Q (panel b).

sponding maximum depolarization gradient of about
100 V/s. The different stimulation electrode was
placed 1 mm from the tissue surface, and the indifferent electrode was located 2 mm behind the different
electrode. The cell properties were analyzed using
measurement points located directly under the different electrode and at a 15 mm distance in the lateral
direction. Figure 3 shows the resulting action potential
of the measurement points. The stimulation was
achieved by applying a DC-pulse of 5 ms duration and
an amplitude of −1000 mV. Comparison of the signal
morphology shows differences especially in the depolarization phase of the signals. In order for the direct
stimulated action potential to show a strong incision
after the stimulation artifact, the total duration is pro-

longed by 25 ms. The signal generated by the excitation wave at the second measurement point shows the
identical morphology to the action potential published
by Nygren [8].
The electrical threshold of the heart depends on the
duration of the applied pulse. This behavior is known
as the chronaxie-rheobase relationship. Figure 4a
shows the threshold pulse duration dependency of the
tissue model. As expected, the increased pulse duration
decreases the threshold. Using a 2 ms pulse duration, a
2.44 V pulse amplitude is necessary to generate an
excitation wave. This value is decreased to 0.66 V at an
8 ms pulse duration. A further increase of the pulse
duration does not lead to a significant decrease of the
threshold; e.g., at a 10 ms pulse duration the deter-

Progress in Biomedical Research

Vol. 7, No. 3, September 2002

203

mined threshold was 0.61 V. Taking into consideration
the charge that is transferred over the electrode at a
constant resistance, a minimum could be found (see
Figure 4b). This minimum is located close to the
chronaxie and corresponds to the minimal energy that
is necessary to stimulate the heart using an implantable
device. The behavior of the electrical threshold of an
isolated cell in the Nygren-model is shown in Figure
5a. In this simulation, in addition to the transmembrane
currents (Iion), a current (Istim) is directly applied by a
micropipette inside the cell (dV/dt = −{Iion + Istim} /
Cmembrane). This current leads to an increase in the membrane potential followed by excitation of the cell. As
expected, the electrical threshold of the cell decreases
with an increased pulse duration (1440 pA at 1 ms to
160 pA at 10 ms). In contrast to the tissue model, the
isolated cell model shows no chronaxie-rheobase relationship; the behavior could be approximated by a
hyperbolic function. Integration of this function leads
to the charge that is necessary to effectively stimulate
the cell (Figure 5a). The analysis leads to a linear function charge Q (pC) = A + B × pulse width (ms) with the
parameters A = 1.417 ± 0.004 and B = 0.0175 ±
0.0007. In the case of an infinitely short pacing pulse,
a charge of 1.417 pC has to be transferred into the cell
to excite the cell. Every millisecond the cell itself is
able to move a charge of 0.017 pC.
Conclusion
By integrating the cell model of an adult human atrial
cell into a three-dimensional network, it is possible to
simulate the electrical behavior of the human
myocardium. All necessary parameters of the model,
except the conductivity of the gap-junction, are based
on physiologic examinations found in the literature.
The experimental adjustment of the gap-junction conductivity resulted in a system in which the conduction
velocity as well as the maximum depolarization gradient was comparable to the human atrial myocardium.
The integration of the tissue model into an extracellular space facilitated the stimulation with pacemakerlike pulses. Using field stimulation the tissue model
showed the well-known chronaxie-rheobase relationship, in contrast to stimulation by injecting a current
directly into an isolated cell. Based on this model, further investigations will be conducted to examine the
interaction of electrical currents and human myocardium on the microscopic level.
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